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NOMENCLATURE

heat capacity ;

constant;

temperature distribution function at time t,;
thermal conductivity ;

solution function

period of heat generation ;

amount of energy generated instantaneously per
unit length;

amount of heat generated per unit length per unit
time ;

radial position ;

time;

temperature :

density ;

transformation variable.

zrR a0
3 X2

© QF

SRR

INTRODUCTION

THE PROBLEM treated in this work is that of finding the
temperature distribution in an infinite medium during and
following the generation of energy over a finite time period
by an infinite line source. If the solution to a unit instan-
taneous line source is known and integrable, the temperature
distribution resulting from a line source can readily be
found by integration. The solution to a unit instantaneous

* The full support of this work by NASA under Grant No.
NGR 14--004-008 (041) from the Space Nuclear Propulsion
Oftice is gratefully acknowledged.

line source is given in Carslaw and Jaeger [1] as obtained
by Green’s functions. It is a simple expression but is not
always easily integrable, especially if the heat generation
rate varies with time

SOLUTION TO LINE SOURCES AND SINKS IN AN
INFINITE MEDIUM

The energy equation for the region around an instan-

taneous line source generated at time t = t’ can be written

as
oT ké [ T top (1)
—=—|r— t>
pe ot rédr\ ér
with boundary conditions
T(t, ) =0 (2a)
aT
— (t.o)=0 (2b)
aor
and global conservation of energy expressed as
2nfpcTrdr = Q' (2¢)
4]

where Q' is defined as the strength of the source.
The solution to the above equations can be given in the
form of a series (2)

«©

C.M,exp(—n2/2)
Tit.r) = E fffff Y 3)
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where the C, are constant coefficients and

[
1= lr(Zqu)
- (—1)nip2i*t
2(n — jyr.
o

(3a)

M, = (3b)

The constants, C,, in equation (3) can be evaluated if it
is given that at a certain time, f =1, the temperature
distribution function is g{r), where g(r) is an even poly-
nomial expression of exp ( — br?/2).

To evaluate the constants, we make use of the following
properties of M,

MM, 2,
—q exp(—n*/2)dn =0
4]

n=m (4)
=1 n=m. (5)
The proof of the above is given in [2]. Thus, we may write
X}
C M, exp(—1n%/2
glr) = Z_L#__z (6)
L'y

=m0

where nisevaluated att = t,,.

Multiplying the above by M, and integrating between
the limits 0 and oo, we get the expression

C,

ton+ i

ang(f) dn. ]
For instance, if g(r) = exp{— pcr?/4ke}), the solution for
C,is
0

C, = t,"" [ M, exp (— per?/dkty) dn
O

=" ,f M, exp (—ton?/td) dy
0

(~1n!

Cn =t A+l
0 (n — NYTagtey T

and upon simplification of the above, we get

Co = tolte — L) (8)

the expression for T becomes

Z(zo—ror
mrt
(—nt [n?
-—————( )exp( n42). O

(n — jyr
j:

999

It is to be noted that when t, = t;, the solution reduces to
[since g(r)is dimensionless sois T’}

, exp(=n*/2)
Iy —t__

T=

This is the solution of a simple, instantaneous line source
of strength 4rnkt, which was generated at time ¢ = ;. This
means that equation (9) is the solution of a source which
is generated at time t =t, — t;. Taking ¢ as the time
elapsed before the instantaneous source is generated, we
get the following expression for a simple unit source.

©

1 m
T(t,r) = 4kzt,,tﬂexm 172/2)—

=0

(10)

The above solution is equivalent to the solution of [1}
which can be written as
1 exp[—per?/akit — t9]

T(tr) = —
«.n) 4rk t—1t

{11)

The proof of equivalence is given in [2].

The advantage of equation (10) over equation (11) lies
in the integrability of the former with respect to ¢. The
importance of this property can be seen in the following
section.

APPLICATION OF SERIES SOLUTION OF AN
INSTANTANEOUS HEAT SOURCE

If the heat source is of finite duration, p, and strength
Q(t') per unit length, the solution to the temperature distri-
bution is the summation of the effects of the heat source at
differential increments At, each of which may be considered
as an instantaneous line source generated at time t. The
expression for T is

H

T(t,ry = SQ(t)

0
©

t/n
xzt,,ﬂexm n2/2> ar.

=0

(12)

The above is easily integrated when Q is a polynomial
expression of ! where i is arbitrary. Thus, when Q@ = Bt”,
we get upon integration of the above

o«
B . 1 M,
Tf, = — "m o g 7 <
) 4nk : :n+1+ exp/=m'/D t<p
=g
i> -1

(13a)
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Tt B 1
1= —
ak? L on 1+
n—0
P n+1 M, s
- — -n%/2), t>
(O Heapra >y,
i>—1
where
w2 S
(n - Y1z 27
=0

It can be shown that equation (13a) converges for t,r > 0.
The convergence of (13b) can easily be shown by comparison
with the geometric series.

The temperature distribution may also be evaluated
using the integral expression of equation (11). Thus

'

B |t —per?/ak(t — t
j exp [ —per?/4k( )]dt,

= t < 1
4k t—t ’ P (142)
0
i>—1
P . 2
B (t'exp [ —pcr?/dki(t — 1))
T=— t
4nkj — dt, t>p (14b)
V]
i>—1
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For p/t > 1, the given solutions, equations (13a) and
(14a) are equivalent to the classical exponential integral
solution for a continuous line source. For p/t < 1, the
solution is that of a continuous source which then decays
when the source is shut off.

For the case where i = 0 (constant heat gencration). the
long and short time expansions of equation (14a) are given
on p. 262 of [1]. Equations (14a) and (14b) can also be
integrated by a term by term integration of the series
expansion of the integrand. The resulting expression for
equation (14a), for ¢ < p, is found to be easier to use than
equation (13a) because the former converges faster. For the
same reason, equation (13b) for ¢ > p, is more convenient
to use than equation (14b). Furthermore, the involved
numerical integration for various values of p as given by
equation (14b) is avoided by using the more accessible
parametric representation of equation (13b). The results of
the imegfation of the latter at various values of p/t for the
important case i = 0,isshownin Figs.1and 2.
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NOMENCLATURE

A, area of flat plate boiling surface, [{t?];

M, M, average polymer molecular weight, measured by
a viscometric method; and molecular weight in
general ;

ppm. solute concentration, in parts per million by
weight ;

0, rate of boiling heat transfer [Btu/h];

AT, Taie—177°, driving force for boiling cyclohexane

at 1 atm [°F].



